
This article was downloaded by: [Tomsk State University of Control Systems and Radio]
On: 20 February 2013, At: 13:26
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office:
Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid Crystals
Publication details, including instructions for authors and subscription
information:
http://www.tandfonline.com/loi/gmcl16

Freedericksz Transition in a Film of
Nematic Liquid Crystal in the Magnetic
Field with Pretilt Angle
Hajime Yamada a
a Department of Physics, Science University of Tokyo, Shinjuku, Tokyo,
162, Japan
Version of record first published: 20 Apr 2011.

To cite this article: Hajime Yamada (1984): Freedericksz Transition in a Film of Nematic Liquid Crystal in
the Magnetic Field with Pretilt Angle, Molecular Crystals and Liquid Crystals, 108:1-2, 93-106

To link to this article:  http://dx.doi.org/10.1080/00268948408072100

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching, and private study purposes. Any substantial
or systematic reproduction, redistribution, reselling, loan, sub-licensing, systematic supply, or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that
the contents will be complete or accurate or up to date. The accuracy of any instructions,
formulae, and drug doses should be independently verified with primary sources. The
publisher shall not be liable for any loss, actions, claims, proceedings, demand, or costs or
damages whatsoever or howsoever caused arising directly or indirectly in connection with or
arising out of the use of this material.

http://www.tandfonline.com/loi/gmcl16
http://dx.doi.org/10.1080/00268948408072100
http://www.tandfonline.com/page/terms-and-conditions


Mol. Cyst .  Liq. Cyst.,  1984, Vol. 108, pp. 93-106 

0 1984 Gordon and Breach, Science Publishers, Inc. 
Printed in the United States of America 

0026-8941/84/1082-0093/$18.50/0 

Freedericksz Transition in a 
Film of Nematic Liquid 
Crystal in the Magnetic Field 
with Pretilt Angle 
HAJIME YAMADA 
Department of Physics, Science University of Tokyo, Shinjuku, Tokyo, 162, Japan 

(Received September I ,  1983; in final form December IS ,  1983) 

The Freedericksz transition in the magnetic field with pretilt angle is theoretically 
investigated. Assuming the amplitude of director distortion t,,, is small, three character- 
istic fields H,, ( i  = 1,2,3) caused by nontrivial value of the pretilt angle #, are given as 
functions of 0, and the elastic constants. Drawing of free energy as a function of 6, 
leads to clear understanding of these characteristic fields and the dynamics of director 
states. The relaxation laws of I, after switching the field are expressed in the concise 
form. 

1. INTRODUCTION 

The Freedericksz transition in a film of nematic liquid crystal, induced 
by an applied magnetic field, is usually discussed in the simple 
geometry where the initial director orientation is chosen to be homoge- 
neous or homeotropic and the field is applied in the direction normal 
to the initial director configuration. With increase in the field strength 
in this geometry, the initial uniform state becomes unstable at a 
threshold field H,, and the state with distorted director field will be 
stabilized. It is interesting to note here that two independent modes of 
distortion with opposite signs are possible at the fields H > H,: the 
molecular axis tends to be reoriented parallel to the applied field by 
tilting its head or tail. However, the free energy for these two modes is 
degenerate, and the second order transition will be expected at H = H,. 
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94 M I M E  YAMADA 

The situation becomes considerably different when we introduce a 
pretilt bias angle in the initial director configuration. In the presence 
of a magnetic field normal to this director configuration, the system 
may show the Freedericksz transition also in this case. However the 
presence of the pretilt angle yields the symmetry breaking terms in the 
free energy, and the degeneracy of the two modes of distortion will be 
lifted up. This means that one of the two modes becomes more stable 
than the other, and the Freedericksz transition here acquires the first 
order nature with two different threshold fields. 

Nehring' was the first to derive the expression of one of these 
threshold field (to be called H,, in our following treatment). Onnagawa 
et ~ 1 . ~ 9 ~  pointed out the presence of the second threshold field Hc2 
slightly below Hcl. Furthermore these authors performed a series of 
important and interesting experiments to confirm the presence of two 
different modes of distortion. 

With these results in mind, it seems us necessary to have a theory, 
not restricting just in the vicinity of the threshold field Hcl, by talung 
account of the effects of the higher order terms in the free energy. It 
would be also interesting to study the dynamical characteristics of this 
system when the strength of the applied field is abruptly switched 
from one value to the other. 

In the next section ($2), we summarize the results of analysis of the 
static properties with a special stress on the analytical expressions of 
the quantities like Hc2,  characterizing the phase diagram of our 
system. A relaxation equation for the maximum amplitude of distor- 
tion, induced by a switching of the field, is derived in $3, and this is 
applied to deduce the time constants, characterizing the processes of 
growth or relaxation of distortions. The results of the paper are briefly 
summarized and discussed in the final section. 

2. BASIC EQUATIONS AND STATIC PROPERTIES 

Let us consider a layer of nematic liquid crystal of thickness d 
confined between the boundary plates at z = 0 and d .  In the absence 
of the applied field, the director field no is assumed to be uniform and 
lies in the X-z plane, spanning an angle 0, with x-axis lying in the 
plane parallel to the boundary plate 

no = [ ~ 0 ~ 8 ~ , 0 , s i n 8 ~ ] .  

n(z)  = [ C O S @ ( Z ) , O , S ~ ~ ~ ( Z ) ]  
This configuration will be driven to a distorted state 
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FREEDERICKSZ TRANSITION OF NEMATICS 95 

in the presence of an applied field H in the direction normal to no 

H ( t )  = H ( t ) [  - ~ i n 8 ~ , 0 , c o s 6 J ~ ] .  

The director angle 0 becomes time dependent, when we consider the 
distortion in the director just after switching the field. 

The motion of distortion in the director angle ( ( z ,  t )  = e(z, t )  - do 
is described by 

yl ag/at = - 6 ~ p t  

= f(()d2(/dz2 + idf/d((a(/dz)2 + $xaH2sin2( 

(2.1) 
where F is the free energy functional, measured from the value in the 
absence of the field 

F = f d z  [ f (()( b’(/6’z)2 - $xaH2sin2(]. 

The function f(() is introduced by 

f(t) = ~ , c o s ~ ( t  + e,) +  sin^(( + e,) 
= K3[1 - KCOS2(eo + ( ) I ,  (2.3) 

where the parameter K = ( K 3  - K l ) / K ,  describes the competition 
between the splay and bend components in our distortion. In these 
equations, yl( > 0) is the rotational viscosity and x, is the anisotropy 
of diamagnetic susceptibility of the sample nematic liquid crystal. 

Let us confine ourselves to the static distortion a( /& = 0 
throughout this section. In this case, the first integral of Eq. (2.1) is 
easily found 

f(()(d(/dz)2 = xaH2[sin2(, - sin2(], (2.4) 

where it is assumed that ( = (, and d ( / d z  = 0 at z = d/2. The 
equilibrium director distortion (( z) is determined by the condition 

z(Xa/K3)1’2H 

= sgn((,)/*d(’{ [l - K C O S ~ ( @ ~  + (’)]/[sin2(, -  in^(']}^'^ (2.5) 
0 
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96 HAJIME YAMADA 

at a given magnetic field. Putting z = d/2 and ( = (,, we get 

which relates the parameter 5, to the field H. In particular, the first 
critical field Hcl is obtained by’taking the limit (, -, 0 

in accord with Nehring’s result’ where H,, = ( ~ / d ) ( K ~ / x . ) ’ / ~  is the 
critical field in the homeotropic geometry 0, = ~ / 2 .  

Considering the case where the field H is not so far from H,, and (, 
is still small, one can expand the r.h.s. of Eq. (2.6) in powers of 4,. To 
do this, it is convenient to introduce a new variable I) by sin + = 

sin (/sin (, and rewrite the Eq. (2.6) in the form 

Retaining the terms up to the second order, we obtain the result 

Based on the above expression, we plot in Figure 1 a phase diagram, 
representing the relation between the maximum amplitude of equi- 
librium distortion 5, and applied field H .  This tells us that two 
branches of distortion I and I1 with maximum amplitudes 
are possible once the field exceeds the second critical field Hc2, given 

and 

by 

w c 2  - Hcl)/ffcl= -P2/4Y 

= - ( 1 / a ~ ) ~ ~ s i n ~ 2 8 , / ( 1  - K). (2.10) 
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FREEDERICKSZ TRANSITION OF NEMATICS 97 

-1.0 -0.5 0.0 0.5 1 .o 
C ? / f f O  

FIGURE 1 The maximum amplitude of distortion t,,, as a function of the reduced 
field a/ao = ( H  - H c l ) / (  H,, - H c 2 ) :  8, = n/8 and K = 0.65. 

As is seen from Eq. (2.9), the explicit forms of and EII are given by 

51 = -P/PY) - [ ( P2/4Y + H / H d  - l ) / Y y 2 ,  

EII = -P/(2Y) + [(  P2/4Y + H/H,, - 1 ) / Y y 2 .  (2.11) 

It is seen that two branches are degenerate at H = Hc2, and 
vanishes at H = Hcl. 

We are going to calculate the free energy of each branch as a 
function of the external field in order to see their stability. To do this, 
we make use of the first integral (2.4) to rewrite the free energy in (2.2) 
only in terms of variable (. Then we expand it in powers of Em, in a 
similar way as we did in Eq. (2.6). Retaining the terms up to the fourth 
order, we obtain the result 

[ x ~ H A ( ~ / ~ ) ] - ' P =  -(1/6)~(:[1 + ( ~ Y / ~ P ) E ~ I .  (2.12) 

We show in Figure 2 how the free energy of the branch I or I1 depends 
on the applied field with help of Eqs. (2.10) and (2.12). It is evidently 
seen that the uniform undistorted state is stable up to a field Hc3 
which is slightly larger than and very close to Hc2; it is easily seen that 
(Hcl  - Hc3)/(Hc1 - Hc2)  = 8/9 from the conditions F = 0 and 
dF/dE, = 0. With further increase in the field the distorted branch I 
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98 HAJIME YAMADA 

~ 0.5 0.0 0.5 1 .o 
ff/ff. 

FIGURE 2 The free energy of the branches I and I1 as functions of a/a,: 0, = n/8, 
K = 0.65. 

becomes stable in place of undistorted state which is now metastable. 
When the field exceeds Hcl, the second branch I1 becomes metastable 
state in place of the undistorted state. We show in Figure 3 how the 
characteristic fields Hci ( i  = 1,2,3) depend on the bias angle do. 

It is instructive to note that the free energy F in Eq. (2.12) is 
expressed in the form 

with aid of Eq. (2.9) where 1y = ( H  - Hcl) /Hcl .  This enables us to 
draw as a function of &,, at a given value of the applied field, as is 
shown in Figure 4. The asymmetry in this plot is entirely due to the 
third order term induced by the presence of the pretilt angle do, as is 
stressed in Introduction. 

Let us briefly comment on the capacitance C for a weak electric 
field perpendicular to the boundary. 

[sin2[,,, - sin25])”2[1 + csin2do]/[1 + csin2(O0 + [ > I .  
(2.14) 
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99 FREEDERICKSZ TRANSITION OF NEMATICS 

I 

1 .o 

H/Hci 

0.95 

0.9 

I I 

C 

a 

0 0.1 0.2 0, 0.3 0.4 (Wn 

FIGURE 3 Stability of various director configurations as the function of magnetic 
field and tilt angle (K = 0.65). The plane is divided into four regions: (a) uniform state is 
stable and no distorted states can exist, (b) uniform state is stable and distorted state 
along branch I is metastable, (c) uniform state is metastable and branch I stable, (d) 
uniform state is unstable, branch I stable and branch I1 metastable. 

Here C is normalized by the value in the absence of field and 
c = ( c2  - cJ/cl; c1 and c2 represent the dielectric constants, measured 
along (q) or normal (c2)  to the nematic axis. With the help of Eq. 
(2.9) we find 

1/c = 1 - cl(Hcl/H)(C,5, + c&) (2.15) 

where 

C, = C/(I + csin28,) 

C, = (2/r)sin26, 

C, = (1/2)cos 26, + (1/4) n/3 sin 26, - ( sin226,/2) Cl . 
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100 HAJIME YAMADA 

Y 
0 

- 0.5 0 0.5 

im [rad 1 

FIGURE 4 The free energy \k = [ ~ , H ~ ~ ( d / n ) l - ' F  as a function of t,,, with fixed 
field strength (a) a/ao = -0.5 (b) 1.2 (c) 1.5: 0, = n/8, K = 0.65. 

As is clearly seen in Eq. (2.15), the pretilt angle gives rise to the 
contribution linear in 5, which takes the different value for the 
branches I and 11. 

In closing this section, let us briefly touch upon the space depen- 
dence of distortion t ( z )  which is to be determined from Eq. (2.5). 
Again we can expand the integral there in powers of 5,. Retaining the 
lowest order correction, we get the result 

[(z) = [,{sin(lrz/d) + ~?TPS,cos(lrz/d)[cos(?Tz/d) +(2z/d - 1))) 
(2.16) 

where use has been made of Eq. (2.9) to eliminate the magnetic field. 
It is seen that the above expression of c ( z )  satisfies all boundary 
conditions imposed on it, as it should be. 

3. DYNAMICAL PROPERTIES 

In this section, we are going to study a dynamical motion of director 
field, induced by an abrupt switching of the external field. In order to 
fix our idea, we suppose that the system is initially in equilibrium on 
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FREEDERICKSZ TRANSITION OF NEMATICS 101 

the stable branch I (or on the metastable branch 11) at a given field H’. 
Here the maximum amplitude of distortion [, takes the value [I(  H’) 
or [II(W), as is given in Eq. (2.10). When the field is abruptly 
switched to a new value H at t = 0, the above director configuration is 
no longer in equilibrium and a relaxation motion of [, tending to a 
new equilibrium value will be induced. 

To derive the relaxation equation for [ , ( t ) ,  we assume that the 
space and time dependence of the quantity sin [ ( z ,  t )  can be decom- 
posed in the form sin [( z ,  t )  = sin t,(t)sin +( z ) .  This is equivalent to 
saying that the space structure of the director field is kept in the form 
as in the static case even in the relaxation process. Then we can derive 
from Eq. (2.1) the following equation. 

y,ln[(l - sin2[)/(1 - sin2E,)] d(ln(sin [,l)/dt 

+f([)(at/az)’ - X,H2(sin2[, - sin2[) = 0. (3.1) 

We have imposed the condition [ = 0 at any time t > 0. 
Now we limit ourselves in the case of small [,(t), and cast Eq. (3.1) in 
the form 

Separating the space dependence and integrating over z or equiva- 
lently over #, we obtain 

where a characteristic time 7o = y1/(x,H2) is introduced. The in- 
tegral on the r.h.s. is expanded in powers of [,, and the 1.h.s. is also 
expanded to yield the following relaxation equation for [,( t )  

Here the expressions of quantities a, /3 and y as well as the new 
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102 HAJIME YAMADA 

equilibrium values of maximum distortion = tI,II(H) are given in 
the last section. 

We have assumed that our system was initially in equilibrium in the 
field H’ on the branch I or 11. Thus the initial value to = t , ( O )  is 
given by tI(H’) or tII(H’). We can integrate Eq. (3.4) under this 
condition to obtain the result 

(l/tI)ln[(l - tI/trn)/(l - t1/[0)1 

-(1/t*I)ln[(l - tII/trn)/(l - t I I / t o )  
= -2(H/f41)y(t, - tII)(t/70). (3.5) 

In Figure 5, we plot the relaxation profile of [,(t) which is initially 
on the branch I in the reduced field a = (Hcl - H)/H,, = 1.5a0 
[ao = (Hc l  - Hc2) /Hc l ]  and switched to a new equilibrium value in 
the field a = 1.2~1, or - 0 . 5 ~ ~ ~ .  As is clearly seen from these plots and 
Eq. (3.5), the distortion <,( t )  obeys the relaxation laws 

t rn( t )  = s I , I I [ ~  + ( t I , I I / t O  - ~ ) ~ x P ( - ~ / ~ I , I I ) I - ’ ,  (3.6) 

in the long time limit. It should also be noted that these asymptotic 
laws are valid in the whole stage of relaxation, when the magnitude of 
change in the field is small (see Figure 5a). The relaxation times T ~ , ~ ~  

are expressed by 

1/71 = 2(H/HC1)YtI(t, - tII)/70 (3.7a) 
W I I  = 2(~/HC,)YtII(tI - t I I V 7 0  (3.7b) 

0 0.5 1.0 0 M ln 
OXP [ - t / r I l  exp [ -  t/r I I 

FIGURE 5 
(b) a/ao = 1.5 + -0.5 both for 0, = n/8, n = 0.65. 

Relaxation of &, after switching field strength (a) a/ao = 1.5 + 1.2, 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
26

 2
0 

Fe
br

ua
ry

 2
01

3 



FREEDERICKSZ TRANSITION OF NEMATICS 103 

which characterize the time scales of transition between different 
equilibrium states at the fields H and H .  It is interesting to note that 
the transition to a state in the vicinity of Hc2 along the branch I takes 
a very long time. This is an example of the phenomena of critical 
slowing down familiar in the physics of critical phenomena: To be 
more explicit, we note that 1 / ~ ~  is expressed in the form 

1/71 4 ( 1 / ~ , 1 ) [ ( ~ 1 -  H , ~ ) ( H  - ~ , 2 ) 1 " ~ / 7 ~  (3.8a) 

in the limit H + Hc2.  Similarly, the relaxation along the second 
branch I1 shows the critical slowing down in the limit H -, H,, 

1/7II  = 2(1/fL)(H - H,l)/TO* (3.8b) 

Finally, we briefly comment on the case where the initial field H' 
(>  Hcl) is switched to a new value H (< Hc2) .  In this case, the 
distortion I,,,( t )  tends to 0 according to the relaxation law 

Reln[tO(t, - II)/5,(t0 - < I ) ] / & ( &  - 8 )  = -2Y(H/Hc1)(tb0) 

as is derived from Eq. (3.5). Here tI stands for a complex number 
tr = - [ p  + i(4ycr - p) ' /2 ] /2y .  Asymptotically, the relaxation law 
(3.9) tends to the form 

(3.9) 

E m  ( t ) = tOexp[ - t / 7 ]  

where the relaxation time T is given by T = 7,/(2aH/H,,). 

4. SUMMARY 

We have studied static and dynamical characteristics of magnetic field 
induced Freedericksz transition in a nematic liquid crystal film with a 
pretilt bias angle in initial director orientation. 

Throughout the paper, the amplitude of director distortion is as- 
sumed to be small and various characteristics are expressed in the 
form of expansion in power of this quantity. This approach is particu- 
larly useful to pick out the essential physical role of pretilt angle as a 
source of symmetry breaking force in the present problem. This is of 
course only possible in the sacrifice of quantitative validity of our 
theory which is limited in the vicinity of the threshold field H,, or Hc2. 
(A numerical but more quantitatively thorough analysis of the present 
problem has been reported by Motooka et d4) 
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104 HAJIME YAMADA 

In particular, we have derived the expression of free energy as a 
function of the maximum amplitude of distortion [,,, and the field 
strength H. This enables us to construct a phase diagram of our 
system in the plane of 5, and H,  and further to obtain analytical 
expressions of various characteristic fields HCi ( i  = 1,2,3) with follow- 
ing clear-cut interpretation of their physical meaning. The field H,, 
characterizes the nucleation of the branch I distortion which 
becomes the most stable state at Hc3 in place of undistorted state. At 
this point of field strength, the value of maximum amplitude 5, 
jumps from 0 to a finite value -(2/3)(/3/y), resulting in the first 
order transition instead of the second order one in the ordinary case 
without pretilt angle. The field H,, is characterized by the fact that the 
second branch distorted state SII becomes metastable instead of 
undistorted state. 

It should also be remarked that the free energy expression (2.13) 
again characterizes the asymptotic relaxation times of our system for 
an abruptly switched magnetic field. It is easy to check that the inverse 
relaxation times l / ~ ~ , ~ ~  in Eq. (3.7) are proportional to the curvatures 
of free energy d 2 1 k / d [ i  calculated at the local minima in the new 
field. These curvatures vanish at the field H,, or Hc2,  resulting in the 
critical slowing down as is discussed in the last section. It will be very 
interesting to check such behavior experimentally. 

Finally let us comment on the dependence of the asymmetry of 
phase diagram H,, - H,, on the elastic constants. As is seen in Eq. 
(2.11), this becomes large when the parameter K approaches to unity. 
It is known that the bend constant K ,  becomes very large compared 
with the splay constant K ,  when the system is cooled down5 to the 
transition temperature TNs between nematic and smectic phases. Thus 
we can expect that effect of the pretilt angle will be enhancedly 
observed in the vicinity of TNs. However this statement must be 
complemented by a proviso that the Eq. (2.11) does not hold in its 
form in the limit K -, 1. In this limit, the splay distortion may be very 
easily induced in the vicinity of the walls over the distances far shorter 
than the film thickness d.  Thus the director configuration is domi- 
nantly governed by the external field over most part of the sample, 
resulting in the breakdown of our small amplitude approximation. The 
details of what happens in this limit are discussed in Appendix. The 
results of this calculation are summarized in Figure 6. It is clearly seen 
that Hc2 can take values less than half of H,, over a wide range of bias 
angle 0, if K = 1. 

In conclusion, the Freedericksz transition in the nematic liquid 
crystal film with a pretilt angle provides a lot of interesting properties 
in common with thermodynamical first order phase transition. 
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FREEDERICKSZ TRANSITION OF NEMATICS 105 

0 7v4 v 2  
eo - 

FIGURE 6 The second critical field H,, as a function of 0, in the limit of I( = 1. Inset 
shows an asymmetric phase diagram with 0, = (3/8)n [cf. K < 1 case, Figure 11. 

APPENDIX 

In this Appendix, we are going to discuss the phase diagram in 5,-H 
plane in a special limit K = 1. To do this, we first put K = 1 in Eq. 
(2.6),  and find that the integral in this equation may be calculated in 
an elementary manner. The result is written down in the form 

H/Hcl  = 1 + ( 2 / ~ ) c o t ~ ~ s g n ~ , l n [ l  + sect, + tan1<,1] (A.l) 

for 5, + So > 0, and 

H / H c ,  = - (4/~)arcsin(sin8~/sin~,) - 1 

+ (2/r)cot eo( 2 In[ cos eo + (sin25, - sin2~,)~”] 

- ln(sec 5, - tan 5, )> ( A 4  

for 5, + do < 0. These formulae yield a phase diagram as is shown in 
the inset of Figure 6. The part bc of the curve is obtained from (A.l) 
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while the part ab from (A.2). From this figure and Eq. (A.3), we see 
that the characteristic field Hc2 in the present limit is realized for 5, 
such as sin 5, = - 2 sin @,/A with A = (3 + sin2f30)1/2, and expressed 
in the form 

Hc2/Hcl = (4/m)arcsin( A/2) - 1 

+ (2/m)cot e,, [In(cos e,,) + 2 In( A + sine,) 

-In( a + 2 sin e,,) - (1/2)ln 31 . (A.3) 

In Figure 6, we show how the ratio Hc2/Hcl depends on the pretilt 
angle 6,. It is clearly seen from this plot that the quantity H,, - Hc2 
becomes comparable to H,, itself and the corresponding value of 5, is 
also of the order of unity, suggesting that the distortion at the second 
threshold field cannot be treated in the scheme of small amplitude 
approximation. 
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